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We predict the emergence of a time crystal generated by an incoherently driven and dissipative
nonlinear optical oscillator, where the nonlinearity also comes from dissipation. We show that a
second-order dissipative phase transition of light occurs in the frame rotating at the cavity frequency,
while a boundary (dissipative) time crystal emerges in the laboratory frame. We relate these two
phenomena by using the Liouvillian superoperator associated to the Lindblad master equation and
its symmetries. These results connect the emergence of a second-order dissipative phase transition
and a dissipative time crystal in the thermodynamic limit, allowing to interpret them as the same
phenomenon in terms of the Liouvillian spectrum, but just in different frames.
I. INTRODUCTION
Correspondences play a central role in physics. Semi-
nal examples include the bulk-edge correspondence, link-
ing the presence of edge states to bulk topological in-
variants [1], and the AdS/CFT (gauge/gravity) corre-
spondence, which establishes a duality between confor-
mal field theories and supergravity [2]. Correspondences
characterize related but yet different features of systems
by linking their seemingly different properties. This ar-
ticle discusses the correspondence of two nonanalytical
phenomena in open many-body quantum physics: dissi-
pative phase transitions (DPTs) [3–5] and boundary [6]
time crystals (BTCs)[7, 8].
The driven-dissipative physics of light is the focus of
intense research, fostered by the achievements of non-
negligible photon-photon interactions and sizeable light-
matter couplings [9, 10]. Nonlinear resonators can be
realized, e.g., in semiconductor microcavities [11] and su-
perconducting circuits [12–14]. These systems are driven
out of their thermal equilibrium and do not obey the
paradigms of thermodynamics [15, 16]. Even in the ab-
sence of free-energy analysis, open quantum systems dis-
play critical phenomena, such as DPTs [5]. These out-
of-equilibrium phases were initially studied in connection
with lasing-like phenomena [17–20]. More recently, sev-
eral examples of DPTs have been predicted for nonlinear
optical systems [21–27] and spin systems [3, 28–37]. Ex-
perimentally, DPTs have been observed in lattices of su-
perconducting resonators [38], Rydberg atoms in optical
lattices [39, 40], optomechanical systems [41, 42], exciton-
polariton condensates [9, 43], single superconducting cav-
ities [44], and semiconductor micropillars [4, 45].
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While a DPT is associated with the emergence of mul-
tiple steady states, a BTC is formed when permanent
oscillations arise spontaneously in an otherwise time-
translation invariant system [7, 46–50] (we will not con-
sider discrete time crystals in time-dependent systems,
where oscillations develop at times which are multiples
of the driving one [51–53]). Questions concerning the
resilience of BTCs in extended lattice geometries includ-
ing generalized noise have been raised [46, 47], and the
connection between the crystalline phase and the sym-
metries of the related model has been partially explored
[8, 48, 49, 52, 54, 55].
In many of the previous works, the physics is captured
by a Lindblad master equation. DPTs and BTCs can be
understood as critical spectral properties of the Liouvil-
lian superoperator, i.e., the matrix describing the evolu-
tion of the density matrix written in its vectorized form.
A DPT emerges when one (or more) Liouvillian eigenval-
ues become zero in both real and imaginary parts [5, 56].
Similarly, for BTCs, the Liouvillian acquires eigenvalues
with zero real part but nonzero imaginary one [7, 46, 57].
In this article, we study the correspondence between
DPTs and BTCs by investigating a single-mode cavity
with incoherent drive and incoherent nonlinear dissipa-
tive processes [26, 58, 59]. Using a simple change-of-
reference transformation, we show that in the frame ro-
tating at the cavity frequency (say, the R-frame) the
system displays typical features of a DPT, while in the
laboratory frame (the L-frame) the system undergoes
time crystallization. Note that the Liouvillian is time-
independent in both frames. Hence, we prove that for
this highly-symmetrical model, a second-order DPT and
a BTC are one and the same phenomenon but in two dif-
ferent reference frames. We stress that this fact can be
seen as a proof of the existence of BTCs in open systems.
The article is structured as follows. In Sec. II we in-
troduce a single-mode cavity with incoherent drive and
incoherent nonlinear dissipative processes. We detail its
master equation and the associated Liouvillian superop-
ertator in the L-frame. We discuss the L-frame Liouvil-
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2lian properties and we show how to obtain the R-frame
Liouvillian. We also briefly recall the main properties of
time crystals and dissipative phase transitions. In Sec. III
we numerically demonstrate the correspondence between
BTCs and DPTs for the model under consideration. In
Sec. IV we show the same correspondence but in a differ-
ent nonlinear system, i.e., the Scully-Lamb laser model.
We derive our conclusion in Sec. V.
II. THE MODEL
Hereafter, we consider the Hamiltonian Hˆ = ωcaˆ
†aˆ of
a harmonic oscillator (e.g., that of an optical cavity),
where aˆ (aˆ†) is the bosonic annihilation (creation) oper-
ator. This system interacts with a weak Markovian en-
vironment, and its state is captured by a density matrix
ρˆ(t) evolving under a Lindblad master equation (~ = 1)
d
dt
ρˆ(t) = Lρˆ(t) = −i
[
Hˆ, ρˆ(t)
]
+
∑
j
D[Lˆj ]ρˆ(t). (1)
Here, L is the Liouvillian superoperator [15, 16], while
D[Lˆj ] are the so-called Lindblad dissipators, whose action
is
D[Lˆj ]ρˆ(t) = Lˆiρˆ(t)Lˆ†j −
Lˆ†jLˆj ρˆ(t) + ρˆ(t)Lˆ
†
jLˆj
2
. (2)
The operators Lˆj are called jump operators and they de-
scribe how the environment acts on the system inducing
loss and gain of bosons, energy, and information. In the
following, we consider
Lˆ1 =
√
Γaˆ, Lˆ2 =
√
η aˆ2, Lˆ3 =
√
ξ aˆ†, (3)
where Lˆ1 represents the single-particle loss, Lˆ2 the simul-
taneous loss of two photons, and Lˆ3 the incoherent drive
(gain). The parameter Γ is the inverse of the photon
lifetime, ξ represents the medium gain (incoherent drive)
strength, and η is the two-photon dissipation rate. Such
a model can be realized, e.g., considering an engineered
thermal drive [26, 58] in the presence of an engineered
two-photon dissipation [60, 61].
The system exhibits a U(1) symmetry since any trans-
formation aˆ → aˆ exp(iφ) for an arbitrary real number
φ leaves Eq. (1) unchanged (see Appendix A). While
Noether’s theorem implies the presence of a conserved
quantity for U(1) Hamiltonian symmetries, this is not
the case for the Liouvillian under consideration. Indeed,
U(1) is a weak symmetry of Eq. (1) and the extension
of Noether’s theorem for open systems require a strong
symmetry [62–64]. Nonetheless, a Liouvillian symmetry
constrains the dynamics of the system and influence its
DPT [5].
A. Liouvillian spectrum
A central role in the following discussion is played by
the steady state ρˆss, i.e., the matrix which is stationary
under the action of the Liouvillian: ∂tρˆss = Lρˆss = 0.
For the system under consideration, if η > 0 there is
a unique steady state and, therefore, ρˆss = limt→∞ ρˆ(t).
The dynamics of the system cannot be obtained from the
steady state alone. Having introduced the Liouvillian L,
we define its eigenvalues λi (representing typical decay
times) and eigenmatrices ρˆi (encoding the states explored
along the dynamics) via
Lρˆi = λiρˆi. (4)
We order the eigenvalues λi in such a way that |Re [λ0] | <
|Re [λ1] | < · · · < |Re [λn] | < . . . , i.e., the eigenvalues are
ordered by their real part. In this regard, the steady
state is proportional to ρˆ0, i.e., the eigenmatrix of the
Liouvillian associated to λ0 = 0. In the following, we
will use QuTiP [65, 66] to numerically diagonalize the
Liouvillian and obtain its eigenvalues and eigenmatrices.
B. Rotating frame of reference
The Hamiltonian dependence of the Liouvillian is elim-
inated in the frame which rotates at the cavity frequency
ωc. The density matrix in the R-frame becomes
ρˆR(t) = exp
(
iωctaˆ
†aˆ
)
ρˆ(t) exp
(−iωctaˆ†aˆ) . (5)
Since all the dissipators in Eq. (3) are U(1)-symmetric,
they are unchanged by the transformation. Hence, the
Liouvillian LR in the R-frame, defined by ∂tρˆR(t) =
LRρˆR(t), is simply
LRρˆR(t) =
3∑
j=1
D[Lˆj ]ρˆR(t), LRρˆRi = λRi ρˆRi , (6)
where λRi and ρˆ
R
i are its eigenvalues and eigenvectors,
respectively. We stress two facts: (i) that both LR and
L are time independent; and (ii) the role of the symmetry
in obtaining Eq. (6).
Normally, there is no trivial correspondence between
λRi and λi, or ρˆi and ρˆ
R
i , due to the presence of “cen-
trifugal forces” in the non-inertial R-frame. However, for
the model under consideration one can explicitly com-
pute LρˆRi , and using the presence of a U(1) symmetry
demonstrate that there exist the following fundamental
relations (the proof is provided in Appendix B)
ρˆi = ρˆ
R
i , λi = λ
R
i − iωck, (7)
where k is an integer.
3C. Dissipative phase transitions and Boundary
time crystals
A DPT is a discontinuous change in the steady-state
density matrix ρˆss of a time-independent open quantum
system as a function of a parameter ξ, i.e., at the critical
point ξc, ∂
n
ξ ρˆss(ξc) =∞ for some integer n. Similarly to
a closed quantum system, where the Hamiltonian energy
gap vanishes at the critical point of a quantum phase
transition, in a DPT the Liouvillian gap closes [5, 48].
Symmetries are pivotal in understanding second-order
(i.e., n = 2) DPTs [5, 37]. For a second-order DPT
triggered by a spontaneous symmetry-breaking, several
eigenvalues close simultaneously (one for each generator
of the symmetry group except the identity). For example,
the DPT associated to a ZN symmetry breaking requires
λ1 = λ2 = · · · = λN−1 = 0 [5]. This corresponds to the
emergence of N symmetry-breaking steady-state density
matrices. For the U(1) model under consideration, in
the case of spontaneous symmetry breaking we expect
infinitely-many eigenvalues to become zero.
Similarly, we can interpret BTCs as a critical phe-
nomenon. Namely, given a time-independent Liouvil-
lian L which admits a unique steady state, a BTC ap-
pears in the thermodynamic limit if a characteristic fre-
quency Ω appears such that the lowest-lying Liouvillian
eigenvalues become λ1, 2 = ±iΩ. In the same way in
which a crystal breaks the spatial translation invariance,
L breaks the time-translation invariance at t→∞ and it
develops everlasting oscillations for an observable whose
time dynamics is ruled by λ1,2. There are several def-
initions of time crystals for closed [51, 67], coherently
driven [51, 68–70], and incoherently driven systems [47].
We focus on the diagnostic of BTCs based on the Liou-
villian gap [7].
III. NUMERICAL STUDY
A. Thermodynamic limit
Theoretically, critical phenomena can only emerge in
the thermodynamic limit of an infinite number of parti-
cles. For extended systems (e.g., a lattice with L sites),
the thermodynamic limit can be obtained by increas-
ing to infinity the system size (L → ∞). In a single
bosonic resonator, we can use its infinite-dimensional
Hilbert space to introduce the infinite number of pho-
tons necessary for criticality by an appropriate scaling of
the parameters (see Refs. [5, 24, 31, 35, 71, 72]). Here, we
can do it by introducing an effective parameter N , under
which the number of photons transforms as n → Nn.
Accordingly, {Γ, ξ, η} → {Γ, ξ, η/N}. One can interpret
N as the number of resonators in a Bose-Hubbard lattice,
where each site is subject to the dissipators Lˆ1 and Lˆ2,
but only the uniform Fourier mode k = 0 is subject to
the incoherent drive Lˆ3. In this case, Eq. (1) describes
the dynamics of the uniform mode k = 0 of the lattice
0
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FIG. 1. Onset of the DPT in the R-frame for η/Γ = 1. (a)
Steady-state rescaled number of photons
〈
aˆ†aˆ
〉
ss
/N versus
the incoherent drive strength ξ/Γ for different values of the
rescaling parameter N (the thermodynamic limit is N →∞).
(b)
〈
aˆ†aˆ
〉
ss
/N as a function of N for different ξ: ξ/Γ = 0.75
(before the DPT), ξ/Γ = 1 (critical point), and ξ/Γ = 1.25
(after the DPT). (c) Liouvillian gap λR1 (in units of the damp-
ing rate Γ) versus ξ/Γ for different values of N . (d) λR1 as a
function of N .
(see Appendix C). The dimensionless parameter N in-
duces a scale transformation that keeps unchanged the
typical photon lifetime 1/Γ. Thus, we use Γ as a unit to
study this problem.
B. Phase transition in the rotating frame
In Fig. 1, we show the onset of the transition for the
R-frame Liouvillian LR (the data are obtained by an ex-
act diagonalization of LR). As we see from Fig. 1(a), the
change in the steady-state rescaled number of photons
(i.e.,
〈
aˆ†aˆ
〉
ss
/N) becomes more abrupt as we increase the
value of the parameter N . In Fig. 1(b) we demonstrate
that, by increasing N ,
〈
aˆ†aˆ
〉
ss
/N flows to zero before
the phase transition, and converge to a finite value af-
ter it. In Fig. 1(c), instead, we plot the Liouvillian gap
in the rotating frame λR1 , showing that the sharper the
change in the photon number, the smaller is the Liou-
villian gap. In Fig. 1(d) we show that by increasing N
the gap λR1 is nonzero before the phase transition, and it
become zero after the critical point. We have also veri-
fied that, in each symmetry sector, there is an eigenvalue
closing at the DPT [it can also be concluded from Fig. 2
using Eq. (7)]. Thus, the symmetry breaking is described
by the simultaneous closure (in both real and imaginary
parts) of infinitely many eigenvalues, one for each sym-
metry generator sector [5, 32, 34, 73].
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FIG. 2. Real and imaginary parts of the Liouvillian eigenval-
ues in the L-frame for ωc/Γ = 1, η/Γ = 0.1, and ξ/Γ equal to:
(a) 0.25, (b) 0.75, (c) 1.25, (d) 1.75. Different markers repre-
sent different values of N , while the black stars represent the
steady-state eigenvalue λ0 = 0. The gray horizontal dashed
lines represent Im(λi) = kωc, where k is an integer. The red
horizontal dashed lines indicate those eigenvalues associated
to the Liouvillian gap. The choice ωc/Γ = 1 is arbitrary, and
simply determines the imaginary part of λi.
C. Time crystal in the laboratory frame
Whereas in the R-frame the Liouvillian gap vanishes
both in its real and imaginary parts (λR1 → 0), in the L-
frame the imaginary part of λ1 is never zero, according
to Eq. (7). That is, the DPT in the R-frame implies a
BTC in the L-frame. The BTCs are, therefore, a critical
phenomenon appearing only in the thermodynamic limit.
Thus, we diagonalize the Liouvillian in the L-frame for
increasing values of N for ωc = Γ. In Fig. 2 we plot
the real and imaginary parts of the low-lying part of the
spectrum for different values of ξ and N . As we enter the
“broken-symmetry phase” and we increase N , there are
slower and slower timescales, which are characterized by
the imaginary parts of λi being multiples integer of ωc,
thus confirming Eq. (7). It follows that the field 〈aˆ〉 (and,
thus, the electric field 〈Eˆ〉) acquires an oscillatory behav-
ior in the steady state in the thermodynamic limit. This
can be interpreted as the emergence of a BTC [7]. Notice
that this choice of ωc is arbitrary and different values of
ωc would have produced time crystals characterised by a
different frequency.
Time crystallization is also accompanied by a discon-
tinuity in the photon number in ρˆss [as given in Eq. (7),
all the results for the steady state are identical in the
two frames]. Indeed,
〈
aˆ†aˆ
〉
ss
in the L-frame is identical
to that for the R-frame in Fig. 1(a). As such, the eigen-
value at Im(λi) = 0 plays a fundamental role: it is the
one responsible for the non-analytical change of ρˆss in the
L-frame [5].
D. Two-time correlation functions
The model under consideration displays a second-order
DPT in the R-frame associated to the spontaneous sym-
metry breaking of U(1) induced by the interplay of the
nonlinear dissipation Lˆ2 and the incoherent drive Lˆ3.
However, in the L-frame a BTC manifests itself, by break-
ing both U(1) and time-translation symmetries, similarly
to those in Ref. [55]. Indeed, in the L-frame, some of the
eigenvalues λRi acquire an imaginary term proportional
to ikωc, according to Eq. (7). That is, Eq. (7) means
that the onset of a DPT in the R-frame corresponds to a
BTC in the L-frame.
We also stress that our model does not have a strong
symmetry [64], even in the thermodynamic limit. Fur-
thermore, there is no Hamiltonian coherent process tak-
ing place in a well-defined “decoherence-free subspace”
[49, 57, 64, 74]. The emerging oscillations are the con-
sequence of the same critical phenomenon leading to the
U(1) symmetry breaking, since both L and LR are time-
independent superoperators. This is the very same sym-
metry which allows to pass from one frame to the other
without introducing any explicit time dependence in the
Liouvillians.
The onset of DPTs can be visualized using quantum
trajectory approaches [73, 75, 76] or by studying the dy-
namics of a properly initialized system [36, 77]. Finally,
we stress that both DPT and BTC can be observed by
two-time correlation measures which have already been
employed in the study of DPTs [4]. In Figs. 3(a) and
3(b) we plot two-time correlation function in the L-frame
steady state C
(1)
ss (τ) =
〈
aˆ†(0)aˆ(τ)
〉
ss
. The long-lasting
coherence time associated to an oscillatory behaviour is
the proof of the emergence of a BTC. The abrupt in-
crease in the amplitude of the oscillations demonstrates
the emergence of the DPT. While C
(1)
ss (τ) exhibits oscilla-
tions at frequency ωc, higher-order correlation functions
can unveil those at multiple frequencies kωc, k ∈ N. For
example, in Figs. 3(c) and 3(d) we plot the two-time cor-
relation function C
(2)
ss (τ) =
〈
aˆ†2(0)aˆ2(τ)
〉
ss
. We stress
that C
(2)
ss 6= g(2)ss due to the different ordering of the bo-
son operators. This specific ordering in C
(2)
ss allows one to
observe the system oscillations frequency doubling those
in Figs. 3(a) and 3(b).
IV. THE SCULLY-LAMB LASER MODEL
The above results regarding the DPT-BTC correspon-
dence can be extended to other models characterized by
a U(1) symmetry and which obey Eq. (7). Here, we
briefly show the emergence of the same phenomena in the
celebrated Scully-Lamb laser model [59, 78, 79] , whose
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FIG. 3. Real part of the two-time correlation functions
C
(1)
ss (τ) [(a) and (b)] and C
(2)
ss (τ) [(c) and (d)] vs delay time
τ in the steady state for: (a, c) ξ/Γ = 0.75 (before the DPT);
(b, d) ξ/Γ = 1.25 (after the DPT). Parameters: ωc/Γ = 1,
η/Γ = 0.1, and N = 30.
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FIG. 4. Numerical study of the onset of the DPT in the
R-frame for the Scully-Lamb model. (a): Rescaled number
of photons
〈
aˆ†aˆ
〉
ss
/N as a function of the incoherent drive
strength ξ/Γ. (b): Liouvillian gap λR1 (in units of the damping
rate Γ) as a function of the incoherent drive ξ/Γ. Parameters:
η/Γ = 0.1, β/Γ = 0.005.
Hamiltonian reads
Hˆ = ωcaˆ
†aˆ , (8)
while the operators Lˆj are
Lˆ1 = aˆ
†
(√
ξ −
√
β aˆaˆ†
)
, Lˆ2 =
√
η aˆaˆ†, Lˆ3 =
√
Γ aˆ, (9)
where Lˆ1 describes a nonlinear incoherent drive (gain),
Lˆ2 captures the nonlinear field decoherence, and Lˆ3 rep-
resents the single-particle loss. The parameter ξ repre-
sents the medium gain (incoherent drive) strength, β is
the gain saturation (incoherent interaction) rate, η is the
−2
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N
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-1 -0.5 0
Re(λi)/Γ
(d)
FIG. 5. Real and imaginary parts of the Liouvillian eigenval-
ues for the Scully-Lamb model in the L-frame for ξ/Γ equal
to: (a) 0.25, (b) 0.75, (c) 1, (d) 1.5. Different markers repre-
sent different parameter N , while the black stars represent the
steady-state eigenvalue λ0 = 0. The gray horizontal dashed
lines represent Im(λi) = kωc, where k is an integer. The
parameters used are: ωc/Γ = 1, η/Γ = 0.1, and β/Γ = 0.005.
decoherence rate, and Γ is the inverse of the photon life-
time.
Such a somewhat simplified model can be obtained
from the full Scully-Lamb laser master equation [78]
in the fourth-order field approximation, where ξ = A,
β = B2/(4A) and η = 3B/4, with A and B being the
laser gain and gain saturation parameters, respectively
(see [79, 80]). Here, however, we consider β and η as
independent parameters. To be physically meaningful,
we must consider the weak gain-saturation regime, for
which
√
β/ξ  1. Away from this limit, the system may
become unstable.
Similarly to the model in Sec. II, we can introduce the
R-frame Liouvillian LR. Moreover, Eq. Eq. (7) remains
valid also for this model.
To investigate criticality, we introduce the scaling
as a function of the parameter N as {ξ,Γ, η, β} →
{ξ,Γ, η/N, β/N2}. In Fig. 4, we show the onset of the
transition for the R-frame Liouvillian LR as a function
of N . Moreover, Fig. 5 demonstrate the emergence of a
BTC, proving again the DPT-BTC correspondence.
These results generalize and support the findings of
Ref. [59], by providing a genuine interpretation of the
well-known lasing transition [17] in a more general frame-
work, by explicitly taking into account the symmetries of
the model and the spectral properties of the Liouvillian.
6V. CONCLUSIONS
In this article, we have studied the emergence of a DPT
and a BTC in a nonlinear optical model, where the non-
linearity comes from a dissipative term. To show these
effects, we have analyzed the corresponding Lindblad-
type Liouvillian superoperator and its spectrum for the
studied system.
We have shown that, in the thermodynamic limit,
a second-order DPT in the R-frame corresponds to a
BTC in the L-frame. The two phenomena are the same
in terms of the Liouvillian spectrum (or its gap) but
just presented in different representations (frames). We
find this prediction as the most important result of the
manuscript. Moreover, Eq. (7) is an indirect proof of the
existence of time crystallization in open quantum sys-
tems, since it connects BTCs’ existence to that of second-
order DPTs.
Beyond the interest in this correspondence, the nov-
elty of the DPT discussed here is the incoherent nature
of all the processes involved. Indeed, the system studied
in Refs. [24, 71] was a single Kerr resonator coherently
driven, while in Ref. [26] the incoherent (thermal-like)
injection of photons was counterbalanced by a coherent
two-body interaction process. Meaning that, in all these
previous models, the system nonlinearity has been in-
duced solely by a coherent interaction term, which is not
the case for our model. This system can be realized with
present technologies, such as in a incoherently driven en-
gineered superconducting resonator [60, 61].
Differently from Ref. [49], the example shown here does
not admit mixed coherences through which a dark Hamil-
tonian can produce oscillations. It is the incoherent in-
jection of photons leading to multiple symmetry-breaking
steady states which permit the presence of everlasting os-
cillations. Moreover, contrary to Ref. [7], the presence of
strong dissipative processes does not prevent crystalliza-
tion. Since the emergence of a BTC is intertwined to the
emergence of a symmetry-breaking DPT, the BTC dis-
cussed here is a critical phenomenon. The extension of
these results to other types of symmetries is one of the
perspectives of this work.
The inclusion of nonlinear U(1) Hamiltonian processes
is straightforward, and allows to manipulate the time
crystal oscillation periods. For example, by including
Kerr-type nonlinearities the Liouvillian eigenvalues be-
come not-equidistant and the resulting time crystals can
have incommensurable oscillations. This will be the topic
of future works.
Finally, this article prompts the question of the exis-
tence of a similar transformation in different symmetric
systems, allowing to reinterpret the appearance of a BTC
as the physics of a DPT, but just in a generalized “rotat-
ing frame”. Accordingly, emergent symmetries may be a
key concept in understanding the physics of BTCs.
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Appendix A: Properties of Liouvillian symmetries
The Lindblad master equation, given in Eq. (??) is
invariant under any transformation aˆ→ aˆ exp(iφ) for an
arbitrary real number φ. Thus, the model exhibits the
U(1) symmetry and the superoperator U , defined as
U ρˆ(t) = exp (−iφaˆ†aˆ) ρˆ(t) exp (iφaˆ†aˆ) , (A1)
commutes with the Liouvillian: [L,U ] = 0.
While Liouvillian symmetries are not all associated to
conserved quantities [62–64], they still constrain the sys-
tem dynamics. Indeed, all the eigenmatrices of L must
be eigenmatrices of U , that is,
U ρˆi = uiρˆi, (A2)
where ui is an eigenvalue of U [5, 62, 64, 74].
The span of all the eigenmatrices ρˆi with the same ui,
such that
Lρˆi = uiρˆi, (A3)
defines a symmetry sector. Each symmetry sector rep-
resents a part of the Liouvillian space which is not con-
nected to its other parts (sectors) by the Liouvillian dy-
namics.
To better grasp the meaning of this symmetry, let us
express the eigenmatrix ρˆi in the number (Fock) basis as
ρˆi =
∑
m,n
cm,n|m〉〈n|. (A4)
7By combining Eqs. (A1), (A2), and (A4), one obtains
U ρˆi =
∑
m,n
cm,ne
−iφaˆ†aˆ|m〉〈n|eiφaˆ†aˆ
=
∑
m,n
cm,ne
−iφ(m−n)|m〉〈n| = uiρˆi.
(A5)
We conclude that exp [−iφ(m− n)] must be a constant
and, therefore, any eigenmatrix ρˆi in Eq. (A4) must obey
ρˆi =
∑
m
cm|m〉〈m− k| , (A6)
for some constant integer k ∈ Z. In other words, ρˆi must
be an operator containing elements only on one diagonal,
and different symmetry sectors occupy different upper
and lower diagonals.
Appendix B: Proof of Eq. (7)
We can eliminate the Hamiltonian dependence of the
Liouvillian by choosing the frame which rotates at the
cavity frequency (the R-frame), i.e., the one rotating at
the cavity frequency ωc. The density matrix in the R-
frame is
ρˆR(t) = exp
(
iωctaˆ
†aˆ
)
ρˆ(t) exp
(−iωctaˆ†aˆ) . (B1)
We notice that, since all the dissipators are U(1)-
symmetric and the rotation is equivalent to applying the
symmetry superoperator U with φ = ωct, the dissipa-
tors are unchanged by the transformation. Hence, the
Liouvillian in the R-frame is
∂tρˆ
R(t) = LRρˆR(t) =
(
D[Lˆ1] +D[Lˆ2] +D[Lˆ3]
)
ρˆR(t).
(B2)
Having introduced the R-frame Liouvillian LR, we can
introduce its eigenvalues λRi and eigenvectors ρˆ
R
i defined
by
LRρˆRi = λRρˆRi . (B3)
Notice that LR has exactly the same symmetries of the
original problem, since [U ,LR] = 0. Thus, the condition
in Eq. (A6) remains valid also for ρˆRi , i.e.,
ρˆRi =
∑
p
cp|p〉〈p− k|. (B4)
Also note that, due to the super- and sub-diagonal form
of ρˆRi in Eq. (B4), the eigenmatrices ρˆ
R
i are, in gen-
eral, non-Hermitian. This means that the corresponding
eigenvalues λRi are, in general, complex.
For a generic model and a generic change of reference,
there is no trivial correspondence between λRi and λi, as
well as ρˆi and ρˆ
R
i . However, for the model under consid-
eration we have
LρˆRi = LRρˆRi − iωc
[
aˆ†aˆ, ρˆRi
]
= λRi ρˆ
R
i − iωc
∑
p
cp
[
aˆ†aˆ, |p〉〈p− k|]
= λRi ρˆ
R
i − iωck
∑
p
cp|p〉〈p− k|
= (λRi − iωck)ρˆRi ,
(B5)
where the latter follows from Eq. (B4), with k an integer
number. Thus, we have proved the following fundamental
equalities:
ρˆi = ρˆ
R
i , λi = λ
R
i − iωck. (B6)
This is exactly Eq. (7).
Appendix C: Thermodynamic limit of a single
bosonic cavity
To grasp the correct scaling towards the thermody-
namic limit, we can consider the semiclassical equation of
motion and search for that scaling of the parameters un-
der which n→ Nn, as detailed in Ref. [71]. Any transfor-
mations {Γ, ξ, η} → {NµΓ, Nµξ, η/N1−µ}, for arbitrary
µ, respect the photon number scaling n→ Nn, but only
µ = 2 is physically meaningful. Indeed, for any µ 6= 0,
the convergence towards the steady state becomes faster
(or slower) for ξ = 0. Equivalently, the natural timescale
of the problem, which is given by the photon-dissipation
rate Γ, should not be modified by increasing the system
size.
A different argument can be provided by considering a
lattice of resonators:
Hˆ = ωc
N∑
i=1
aˆ†i aˆi + J
∑
〈i,j〉
aˆ†i aˆj , (C1)
where 〈i, j〉 indicates that the sum runs over the nearest
neighbours. Note that this Hamiltonian includes the J
term and, thus, it is more general than that considered
in Sec. II. The corresponding Liouvillian reads
Lρˆ(t) = −i
[
Hˆ, ρˆ(t)
]
+D
[
N∑
i=1
√
ξ
N
aˆ†i
]
+
N∑
i=1
(
D
[√
Γaˆi
]
+D [√ηaˆ2i ]) ρˆ(t).
(C2)
Notice the fundamental difference between D
[∑
i Lˆi
]
and
∑
iD
[
Lˆi
]
. Indeed, in this model we are assuming
that every cavity is identical, but while photonic emis-
sion is not correlated, the incoherent drive is only in the
uniform mode of the cavity.
8In the momentum space the Hamiltonian and dissipa-
tors are
Hˆ =
∑
k
[ωc − 2J cos(k)] aˆ†kaˆk ,∑
i
D
[√
Γaˆi
]
=
∑
k
D
[√
Γaˆk
]
,
D
[
N∑
i=1
√
ξ
N
aˆ†i
]
=
∑
k
D
[√
ξaˆ†k
]
,
∑
i
D [√ηaˆ2i ] = ξN ∑
k,k′,q
D
[
aˆk+qaˆk′−q; aˆ
†
kaˆ
†
k′
]
,
(C3)
where D
[
Aˆ, Bˆ
]
= Aˆ • Bˆ − 12 (AˆBˆ • + • AˆBˆ) is the gen-
eralized Lindblad dissipator, and • is the placeholder for
the density matrix [e.g., (Aˆ • Bˆ)ρˆ(t) = Aˆρˆ(t)Bˆ]. For a
large N , the effect of η is vanishingly small. Neverthe-
less, we cannot neglect it, since it is the dominant term
in the phase with a large number of photons. However,
we may effectively decouple the mode for k = 0 (the only
driven one) from those of the other modes. The resulting
model is that provided in Eq. (1), whose scaling with the
parameter N is {Γ, ξ, η} → {Γ, ξ, η/N}.
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